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Abstract
A renormalization group study of a scalar theory coupled to gravity through
a general functional dependence on the Ricci scalar in the action is discussed.
A set of non-perturbative ow equations governing the evolution of the new
interaction terms generated in both local potential and wavefunction renoma-
lization is derived. It is shown for a specic model that these new terms play
an important role in determining the scaling behavior of the system above the







It is well know that modications of Einstein's theory of gravity are required in order to
include quantum eects. Although a consistent fundamental theory of the spacetime near
the Planck scale is still not available, one can consider General Relativity as a quantum
eective eld theory [1,2]. From this point of view one gives up the requirement of (per-
turbative) renormalizability to consider a more general action that is a functional of any
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This new theory is analogous to the Euler-Heisenberg lagrangian, low-energy eective theory
of the more fundamental microscopic QED. Due to the smallness of the ratio between the
Newton constant and the Fermi constant, this modication of Einstein's theory is experi-
mentally indistinguishable from the standard theory at ordinary energy scales [3]. However
at higher energy scales [4] it has signicant physical implications, mainly for the ination-
ary scenarios [5], nowadays tested by measuring the temperature uctuations of the cosmic
microwave background radiation (CMBR) over large angular scales.
Higher-derivative gravity theories also arise through the coupling between a quantized
eld and the classical background geometry [6]. In this case one adds new terms to the
standard Einstein-Hilbert lagrangian. Those terms are general functions of < and are needed
to cancel the ultraviolet (UV) divergences at any given order in perturbation theory. This
approach is useful to study the short-distance behavior of the model, but it loses its validity
if we are interested in the low energy behavior.
In fact, the standard perturbative approach based on the scaling property of the Green's
functions under a rescaling of the metric [7] handles only a nite number of operators, those
which are important for the UV xed point. In this way one cannot follow the evolution
of the irrelevant, i.e. non-renormalizable operators. Although the standard classication
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of the interactions is given accordingly to the behavior of the renormalization group (RG)
transformation near a xed point, we use a more general denition, calling a coupling irrel-
evant, marginal or relevant if, in cut-o units, either it gets smaller, or it does not run, or
it grows under a RG transformation. The irrelevant operators, even if they are not present
in the bare lagrangian, mix their evolution with the renormalized trajectory of the relevant
couplings. Although near the gaussian UV xed point their running is suppressed, they can
behave in a quite dierent manner in other scaling regions thus deviating the renormalized
ow.
It is therefore important to trace the evolution of all the couplings constants generated
by the renormalization procedure in order to decide what can be neglected and what cannot.
If for example a new scale other than the cut-o is present in the problem, the scaling laws
change near that scale and the standard UV relevant interactions might not be sucient
to describe the physics at the crossover. This happens in the O(N) model where, in the
non-symmetric phase, the presence of singularity in the beta functions for the longitudinal
components indicates that new infrared (IR) relevant interactions, due to the Goldstone
modes, appear after the condensate has formed [8].
Actually we deal with a similar situation when we move up in energy, going from an eec-
tive theory dened at some low energy scale, towards the high energy region. In fact integrat-
ing out the heavy quarks contribution in the Standard Model generates non-renormalizable
vertices that are suppressed at the weak scale [9] but that can show up when the heavy mass
threshold is reached [10].
Although there is no way to localize the energy stored in the gravitational eld, a local
denition of a \mass" scale can always be given, even if no matter eld acts as a source in
Einstein's equations, i.e. T
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coulombian component of the Weyl tensor. For instance, in spherical symmetry it coincides










j one can think of m
G
as the local eective mass producing the curvature in
that point. In this respect the gravitational eld acts as an external eld that inuences the
3






On the other hand, during the slowroll phase of the inationary era, the only relevant




is the scale factor, and the quantum
evolution of the uctuations is stopped after crossing the horizon. The subsequent classical




, and the scalar curvature R.
An important issue is related to the running of the conformal coupling constant  which
couples directly the inaton with gravity through the R
2
term in the action. The value
of this coupling is determined in principle by the spectral index of the CMBR temperature
uctuations n
s
= 1:170:31 [11], depending on the model of ination considered. Although
for some models negative values of  are preferred [12], in perturbation theory with the min-
imal subtraction scheme one nds  = 1=6 to be an infrared xed point for the renormalized
coupling [7,13].
The renormalization group approach used in Statistical Mechanics is the best tool to
study problems where many scales are coupled together [14]. In this paper we shall use
the dierential form of the RG transformation formulated by Wegner and Houghton [15].
Starting from a bare action S
k














by using the loop expansion, where  and  respectively have non-zero Fourier components
only in the momentum shells k   k < p  k and p  k   k. The dierential RG
transformation is obtained by taking the limit of an innitesimal shell k=k ! k=k. The
higher loop contributions in Eq. (2) are suppressed as powers of k=k in the limit k ! 0





























where the brackets indicates sum over the Fourier components within the shell. This func-
tional equation rules the evolution of all the interaction terms that are generated in the
4
renormalization procedure. Despite the solution is not know in the general case one can de-
















is an homogeneous function of the eld and of its derivatives. In this way Eq. (3)
decouples in a set of innite non-linear partial dierential equation for the U
n
. The explicit
construction of the RG transformation can be achieved by the blocking transformation or
\coarse-graining" of the elds by means of a smearing function that introduces a sharp cut-
o in the high momentum modes [17]. A perturbative construction of the coarse-graining
approach has been rstly discussed in a gravitational context in [18] and proposed in the
formalism of the \average action" in [19,20]. In particular in [19], by considering the con-
tribution of the blocked potential U
0
() in Eq. (4), it has been shown that  = 1=6 is not
necessarely an infrared xed point for the massive theory coupled with gravity.
An equivalent construction of the exact RG equations in the Wilsonian approach is
presented in [21]. In particular in [22] the infrared behavior of the Einstein-Hilbert action
is studied in the case of pure gravity.
In this paper we explicitly construct the RG transformation for the blocked potential
U
k
and the wavefunction renormalization Z
k
which are general functions of both  and the
curvature scalar R. In particular we construct the RG traformation by means of an O(D)
symmetric smearing function (D is the dimension of the spacetime). This will be achieved
by introducing locally a momentum space [23] and by working up to rst non-trivial order
in the expansion of the metric. The set of equations we derive generates the running of any











We study the RG ow in the two dierent scaling regions of the ultraviolet and infrared
domain. In particular the crossover in corrispondence of the mass gap is analyzed in a
specic model by means of a numerical investigation of the equations.





are derived. In Sec. III we analitically study the behavior in the UV and in the IR region. In
sec. IV we apply the method to a model by numerically integrating the ow equations. The
results of the numerical analysis are then displayed. Sec. V is devoted to the conclusions.
II. RENORMALIZATION GROUP TRANSFORMATION
In the following we suppose that the spacetime has a well dened Euclidean section 
.
The general form of the Euclidean bare action, quadratic in the derivatives of the scalar




























where  is the ultraviolet cut-o of the theory, V is the local potential, while Z; Y are general
















































is the Laplace-Beltrami operator, and the prime indicates derivation
with respects to .
In order to construct the renormalization group transformation in the Wilson-Kadano





















) is a smearing function which is constant in a given volume where the eld is



















In this way one \averages out" the high energy degrees of fredoom that are relevant for the
short-distance behavior of the theory.













(x), where the  
i
(x) represent an
orthonormal base in this space (i is an integer if the manifold is compact). Once the
spectrum of the operator r
2
is known, the sharp momentum smearing function dened in




) in Eq. (8). In particular,
for a general spacetime one can introduce locally a momentum space and use the O(D)
sharp-cuto smearing function as in [17]. This is a good approximation as long as the cut-
o of the theory is much above the scale of energy where the curvature becomes dynamically
relevant and, at the same time, it gives a precise meaning to the UV cuto  introduced
above. The eld is then split















where M and N respectively indicate the slow and the fast variables; more precisely M is
the set of index values m labelling components with low momentum: p < k and N is the
set of index values n and n
0
corresponding to high momentum k < p < , k being a xed


























































































































































































































In deriving Eqs. (13,14), we have supposed that, for our purposes the uctuations of R are
negligible or, in other words, we have suppressed in the action the terms containing @

R;
as a consequence W and Y , although in principle could be not vanishing, do not appear in
Eqs. (13,14) and in the following calculations.
The last equality in Eq. (14) follows after some manipulations, but the easiest way to
verify it, is to compute the second functional derivative from the action (6), and use the
relation for Z in Eq. (7).
In order to explicitly carry out the blocking procedure, the functional form of the blocked
action in Eq. (11) is needed, and the usual assumption is to mantain the same form of the






































By expanding the action in Eq. (16) up to second order in
e
, one can single out the
contribution to the blocked potential U and to the wavefunction renormalization
b
Z, as it
has been shown in [16] and in [8]. In a general spacetime this procedure might be problematic
because the eective potential is in general ill dened when the spacetime dynamics becomes
relevant. For this purpose it is convenient to consider energy scales much higher than the
characteristic curvature scale k
2
 R, and as anticipated above, to introduce locally a
momentum space [23] and to use an O(D) symmetric smearing function in Eq. (8) to
evaluate Eq. (11). In fact, although several techniques are available in the literature [24] to
compute the functional determinant in Eq. (11), they are often combined with dimensional
regularization and minimal subtraction prescription. Instead, the explicit use of a sharp
cut-o regulator allows a clear separation between the UV ad the IR domain of the theory.
Let us briey outline the computation of the blocked action. It is convenient at this
point to introduce a covariant notation: for any operator A the Lorentz invariant operator










). In particular for the trace in Eq. (11),











x lnK(x; x)  Tr K (18)
where the denition of the logarithm as power series of operators has been used.
































































































(x)! (x); V (x)g
1=2


















where the prime now indicates the derivative with respect to the new scalar eld of Eq. (21).
Note that we could have obtained Eq. (22), making the replacements of Eq. (21) in the
original action and taking second functional derivatives with respect to the new scalar eld.
Since the following developments are naturally expressed in terms of the replaced variables
in Eq. (21), we shall keep on using the new eld and potential, but for simplicity we shall
not change the notation.
We can now introduce normal coordinates fy






= 0, expand the expressions in Eqs. (19) and (22) up to some order and invert the
propagator as shown in [23] and [25] where they xed Z = 1 at the bare level. However for
our purposes it is more convenient to work out separately the expansions for the metric and
the eld  since in principle they involve dierent scales. We expand the metric tensor up
































This truncation is consistent with the choice of neglecting @

R, that would appear starting
from the third order in the metric expansion.
In order to compute
b




(y) up to second
order in
e













are used for constant scalar
eld 
0




































































































In deriving these expressions we have taken into account that r
2
, when applied to a scalar
quantity, becomes r
2






















R) = 2 + R=6. We
rewrite Eq. (18) using


























One therefore also expands the expression (16) up to second order in
e















































































are, respectively, the zeroth, the rst and the second order terms in the
functional expansion of the action in
e























































In deriving the last relation we have evaluated the trace in Eq. (27) in the Riemann frame.




is diagonal in the local momentum represen-
tation, a volume term can be factored out, yielding a covariant equality between constant
quantities. The blocked potential U() is obtained by replacing the constant eld 
0
with
(x). It should also be observed that Eq. (28) for k = 0 gives the eective potential, ob-
tained by taking the coincidence limit in the uctuation determinant and by retaining only
the rst order terms in the Schwinger-De Witt proper time expansion [26].




in the other terms
in the expansion (26). In this case, for computing the traces, according to [16] we retain at
the same time operators in the momentum and in the coordinates representation, as long
as the operators in one representation are on the right side of the operators in the other
11
representation. In the terms where the required ordering is not fullled, we employ commu-
tation rules for p-dependent and x-dependent terms in order to move the p-dependence on
the left of the x-dependece and disentangle the volume integration from the p integration.














































































































































































































Note that there is no contribution from the term FK
 1
F in Eq. (11) in the gradient
expansion as it can proved by direct calculation. The reason is that in this term no volume
integration occurs and one obtains the fourier transform of
e
 which is constrained to have
p < k. Since the momentum integration is performed for p > k this term identically vanishes
[8].
These equations have been obtained in the independent mode approximation where one
computes the blocked action by an independent integration of the degrees of freedom between
12
the UV cut-o  and k. In the limit k ! 0 one recovers the eective action. In particular



























































  (R=6) and the cosmological constant that corresponds to the
constant part of V has been modied in order to include the eld independent part in the
logarithm in Eq. (33).
As an example let us consider the standard 
4



























the RG equations (33) for
b
Z can be integrated up to k = 0 and one obtains in D = 4 the
























which coincides with the result in [26].
We want to remark that, due to the replacements in Eq. (21), the couplings and the eld
appearing in the bare lagrangian do not coincide with the ones appearing in the evolution
equations, although, in case of small curvature the dierence becomes practically negligible.
However it is formally correct to expand in terms of running couplings the modied potential
dened in Eq.(21) and not the bare lagrangian as in Eq. (34).
III. NON-PERTURBATIVE FLOW EQUATIONS
The previous equations have been obtained by eliminating the degrees of freedom be-
tween  and k. The non-perturbative RG equations in Wegner-Houghton's formulation
13
follow if one innitesimally lowers the running cut-o k ! k k thus retaining the contri-
bution of the modes which have been previously integrated in the innitesimal momentum
shell. In practice the dependent mode improved approximation is obtained by taking the
derivatives with respect to k of Eq. (32) rewritten for a general potential and wavefunction
renormalization. One obtains the following set of non-linear partial dierential equations
for the evolution of
b










































































































These equations rule the evolution of all coupling constants generated by the renormalization
procedure, and have been derived without any assumption on the functional form of the






























































and one obtains an innite dynamical system that can be conveniently truncated to some
order to obtain an approximate solution of Eq. (36). Let us for instance neglect the eld
dependence in
b



























































It is interesting to employ these equations in order to study the behavior of the couplings
in the model (34) which corresponds to a specic truncation in Eq. (38).


























are obtained in the limit k ! 0 and, in the










By xing the vacuum in Eq. (39) at the values h(x)i = v and the Ricci scalar at the







































































































































































From the above equations it is evident that the presence of a nonvanishing expectation value
of the scalar eld v has the consequence of generating new couplings 
k




for R. In principle the location of the vacuum should be determined after solving
the equation of the minimum for the eective potential, in the improved scheme. This
amounts to solve the system (41) coupled to the equation of the minimum for the running
15
potential. Here things are more complicate since in higher-derivative gravitational theories
the vacuum does not necessarely coincide with the R = 0 conguration [4]. In the following
we just consider v and R as adjustable parameters.
We now discuss the scaling behavior of the couplings in the two extreme scaling limits:






















































































as it should be. This result coincides with the ndings in [7,13] for the -functions in the UV
domain. However once k becomes much smaller than m
k
, the scaling laws change. Suppose





then, below the mass gap the renormalized ow is arrested and in k = 0 the ow always
reaches a (completely trivial) xed point. In particular this shows that the ndings in [19]
that 
R
= 1=6 is not necessarely an IR attractor, is still valid when the contribution of 
k
is
considered. At this level of the approximation we note that 
k
= 1=6 is a xed point only if

k
= 1, statement which is not true in the IR domain for the broken phase. In the symmetric
phase, instead if we x 
k
at the bare level to one it does not change and 
k
= 1=6 is a xed
point for the system (41). However, as we shall see in the next section, when the contribution
16
of the irrelevant operators is included, this xed point disappears. These conclusions should
apply for any D as one can see by direct calculation of the -functions derived from Eq.
(40). We also note that the gaussian xed point is always present in any dimension.
When Eq.(45) is not satised the structure of the vacuum can be dierent. In fact in


















the equations in (41) become unstable because of the presence of poles in the -functions
signaling that a new phase sets and that new IR relevant interactions are needed to describe
the renormalized system.
One might worry that around k
2
 R the local momentum expansion is not reliable.
This is not the case. In fact for the Einstein Universe we have [27] the following exact



























where n is the quantum number associated with the smearing on the spatial sections with
topology S
3
, k is a cut-o in the Euclidean \time" direction and a
2
= 6=R is the radius of
S
3







The physical reason of this instability is that the saddle-point expansion in Eq. (11) has
been performed by considering perturbations around homogeneus congurations which do
not dominate the path-integral in Eq. (11) on scales smaller than the symmetry-breaking




The study of the crossover is instead more complicated and one has to integrate numer-
ically the ow equations by keeping the contribution of the \irrelevant" operators as well.
In order to deal with a more tractable problem, we employ a truncation in the expressions
(38) of the local potential and the wavefunction renormalization function, by keeping up to



















































































































is the Planck mass, 
CS
is the cosmological
constant. Note that the remark at the end of sect. II also applies for the more general action
(48).
In order to avoid problems with triviality we keep the UV cut-o  xed. It is convenient
to work in running cut-o units, by introducing the dimensionless variables
x = k
 (D 2)=2
; y = Rk
2 D
(49)
and calling u; z respectively the dimensionless potential and wave function renormalization,




























(k) and the various
couplings appearing in Eq. (48). If we dene
A
t
(t; x; y) = z(t; x; y) + @
2
x
u(t; x; y)  y(2z + x@
x
z)=12 (51)
the renormalization group equations for u and z can be rewritten in terms of the new













































































We have rescaled the momentum variable, by dening t = ln(k=) so that we generate the
renormalized ow by lowering the cut-o ! e
t
, with t  0.
We insert Eq. (50) in Eq. (52) and we evaluate the derivatives in the symmetric vacuum
 = 0 at non-zero curvature R = R (the corresponding dimensionless value of y is indicated
with r: r = Rk
2 D
), obtaining in D=4 the system of ordinary dierential equations dis-
played in the appendix. For simplicity we shall not discuss here the symmetry broken phase
with v 6= 0.
The results of the numerical analysis is shown in gures 1 - 5, for some values (including





are kept xed respectively to u
40
(t = 0) = 0:1 and z
00
(t = 0) = 1, while we
have considered several bare values of the conformal coupling. We locate the critical line for
r = 0 near u
20
(t = 0) =  0:000325 and this value does not depend on the value of u
21
.
When the theory is away from the critical line, one sees that below a certain value of
t, the evolution of all couplings stops. In fact below that scale f
t
, dened in the appendix,













The specic constant value of the renormalized mass m
R
depends on how the other param-
eters are xed. For instance, for the above initial conditions we see that the mass scale
corresponds to t  6.
Let us consider the scaling above the mass threshold. The running of some non-gaussian














. This is interesting, we
believe, because it contrasts with the usual notion of \irrelevance" since those interactions
behave like marginals for almost three orders of magnitude below the cuto.






interaction term. In g.2 we see





around t =  4. Note the strong dependence of 
k
from the bare value of 
k
.




deserves a more detailed discussion. Its evolution
is shown in g.3 for the minimally coupled bare theory and in g.4 for the conformally
coupled bare theory. It is worth to remark the small increase of u
21
in g.3, even for non
vanishing non-renormalizable couplings (see curve 4), within the three orders of magnitude
range between t = 0 and the mass threshold, below which the curves become at. This
means that starting at t = 0 with a bare  far from the conformal value 1/6, it is very likely
that the coupling does not reach that value, being stopped before by the mass threshold.
Actually, looking at the evolution equation for u
21
in the appendix, we see that in the
infrared region, where the various scales cannot be neglected when compared to k, it is
extremely dicult to establish the existence of a non trivial IR xed point for this coupling.
In g.4 the behavior of u
21
in the neighbourhood of 1/6 is explored. Here we see that
there is no deviation from 1/6 only for zero non-renormalizable couplings at t = 0. However,
turning on these couplings, we observe small deviations, of the same order of magnitude of
the changes observed in g.3. Again no strong attraction toward u
21
= 1=6 is observed.
Finally in g.5 the inuence of the curvature on the phase diagram for the  eld
is investigated. For a small value of the curvature r = 0:01, we see that for suciently
high values of the conformal coupling (greater than about 2 in our example) the running
adimensional mass u
20
(t) grows negative in the IR region while choosing smaller or negative
u
21
(t = 0), we see that u
20
(t) is driven away from the critical line toward positive values,
at earlier \times" t. In fact, for such curvature, the mass in g.5 practically represents the





=6)r is practically t-independent and negligible for large values of t. Thus we are
20
led to a result which is opposite to the naive statement, obtained by looking at the not
RG-improved propagator, that the phase transition, when r is positive, is approached by
decreasing the conformal coupling.
V. SUMMARY AND CONCLUSIONS
In this paper we have discussed the renormalization of a scalar theory coupled to the
gravitational eld by means of the blocking procedure. We have obtained non-perturbative
ow equations for the blocked potential and the wavefunction renormalization that rule
the ow of all coupling constants generated when the cut-o is lowered from the UV region
towards the infrared domain. We have seen that the gravitational eld inuences the scaling
laws of the eld in the crossover region between the mass gap and the cut-o. In fact our
equations reproduce the standard perturbative -functions only in the UV region when the





is generated in both potential and wavefunction renormalization even if it is
not present at the bare level. We have seen that they can be important in determining the
scaling law across the mass gap. In particular, due to these non renormalizable couplings
one cannot claim that  = 1=6 is a xed point for the conformal coupling constant whereas,
independently on the bare value of 
k
, only very small changes of the value of this coupling
are observed in the ow from the UV to the IR region.
Another interesting issue addressed with our formalism concerns the structure of the
phase diagram for the quantum eld. In the model analyzed in the previous section the
onset of criticality is determined by taking into account the coupling with the gravitational
eld. It turns out that the approach to the critical line strongly depends on the strenght of
the conformal coupling.
It would be important to understand the consequences of our ndings in the contex
of the inationary models. For instance it has been recently pointed out that the \ne
tuning" problem in models with the symmetry-breaking scale near the Planck mass, can be
21
avoided in potentials dominated by non-quadratic \irrelevant" interactions terms like 
m
with m > 2.
In fact in the standard slow-rolling approximation it is assumed that the inaton eld
evolves as a free eld leading to a gaussian spectrum for the large scale angular anisotropy.
Since this happens above the mass scale of the inaton eld, one may think that the pres-
ence of non-quadratic interaction terms whose uctuations are not suppressed above the
mass scale generates non-gaussian uctations in the CMBR. At the present state of the
experimental data there is no secure bound on non-gaussian uctuations on large angular
scales, therefore this possibility cannot be ruled out. It would be worth to pursue these
investigations in a specic model in order to answer these questions in detail.
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VI. APPENDIX
In this appendix the complete set of equations ruling the couplings of the action (48),
is displayed in terms of dimensionless quantities introduced in Eqs. (49,50) for the vacuum
characterized by the values h(x)i = 0 and R = R or, in terms of dimensionless quantities,
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(t = 0) = 1, (1), and u
21
(t = 0) =  1, (2). For both curves the





(t = 0) =  8 and r = 0 (1), u
21
(t = 0) =  8 and r = 0:01
(2), u
21
(t = 0) =  4 and r = 0:1 (3). The non renormalizable couplings are xed to zero at
t = 0 for all curves.
Figure 3. Flow of u
21
(t) starting at u
21
(t = 0) = 0 for zero non-renormalizable couplings
at t = 0 and r = 0 (1), r = 0:01 (2), r = 0:1 (3); with the various non-renormalizable
couplings set to 0:01 at t = 0 and r = 0:01 (4).
Figure 4. Flow of u
21
(t) starting at u
21
(t = 0) = 1=6 with the various non-renormalizable
couplings set to 0:01 at t = 0 and and r = 0 (1), r = 0:01 (3), r = 0:1 (4). The at curve
(2) corresponds to zero non-renormalizable couplings at t = 0 and it is not sensitive to r.
Figure 5. u
20
(t) plotted for three dierent values of the conformal coupling: u
21
(t = 0) =
0 (1), u
21
(t = 0) = 1 (2), u
21
(t = 0) = 2:5 (3); r is kept xed to r = 0:01 and the the bare
non-renormalizable couplings are zero.
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